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Abstract: Analytical expressions are developed for the excess free energy of solutions containing any number of 
electrolytes of any valence types, and those properties which may be derived from it by differentiation, such as the 
osmotic coefficient, the activity coefficients of the components, and the excess enthalpy. Approximations are dis
cussed, such as Br0nsted's principle of specific interactions of ions, Harned's rule, Young's rule, the cross-square 
rule, and Guggenheim's recent hypothesis. The use of ions as components and of equivalent concentrations is 
found very useful. 

Recently there has been a renewed interest in mixed 
electrolyte solutions, much of it inspired by the 

desalination of sea water. From 1934 to 1964 there 
have been eight studies from the MIT laboratory of the 
osmotic coefficient of dilute aqueous solutions with more 
than two components.1_8 

References 1-4 include measurements of freezing 
point depressions, ref 6 and 8 include measurements 
of isotonic (isopiestic) equilibrium, and ref 5 and 7 
include no new experimental work. Reference 1 
deals with two nonelectrolyte solutes, ref 2 and 4 con
cern mixtures of one electrolyte with one or two non-
electrolytes, and the rest deal with electrolyte solutions. 
I have also been coauthor of two papers from the Oak 
Ridge National Laboratory9,10 on mixed electrolytes 
and consultant for several others. The practical ob
jectives all were the same: to determine the osmotic co
efficients from a limited number of measurements and 
to determine from these measurements the Gibbs free 
energy and the activity coefficients in electrolyte mix
tures from those of solutions of single solutes, or some
what better with the addition of mixtures with a com
mon ion. The approaches have varied somewhat over 
the years, however, and it seems worthwhile to present a 
consistent approach to the whole field and to discuss 
more fully solutions of electrolytes of different valence 
types. 

The use of ions as components, with the restriction 
that the total charge is zero, gives an excellent contrast 
to the earlier treatments. We did use this convention 
in ref 6, but the description was very terse and without 
explanation. It also contained an excessive number of 
misprints. 
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Solutions of Nonelectrolytes 

Reference 1 inaugurated the policies of starting such 
studies with the total Gibbs free energy and of express
ing the excess free energy of nonelectrolyte solutions 
as an integral power series in the molalities of the so
lutes. This is analogous to the virial expansion of 
PVjRTLn1 for a gas or gas mixture in terms of the 
volume concentrations of the components. The corre
sponding expansion in terms of mole fractions is 
analogous to the more complicated virial expansion 
for a gas in terms of the partial pressures. 

We take the pure solvent as the standard state of 
unit activity for itself and as the reference state of unit 
activity coefficient for each solute, and we write 

G'/RT = G/RT - Y1M(GiVRT - 1 + In Wj) = 

^ ( E i ™ i ) 3 Z j k i ^ k i * j * k * i + • • • (2) 

in which G is the Gibbs free energy of the system, Ge 

is the excess free energy defined by eq 1, m-: is the molal
ity of solute j , n-j/W, Gj0 is its "standard molal free 
energy," n^ is the number of moles of j , Wis the number 
of kilograms of solvent, and bjk, c/jki, etc. are coef
ficients which, like Gj °, are functions of T and p and 
of the nature of the solvent, but not of the composition 
of the solute. The use of Ge/RT has the advantage that 
it is dimensionless. 

In the first decade of this century, before G. N. Lewis, 
J. N. Bronsted, and N. Bjerrum began their studies of 
ion activities, there was much interest in nonelectrolyte 
mixtures. The theories ranged from van Laar's use of 
the van der Waals equation11 to Dolezalek's purely 
chemical theory.12 van Laar extended the van der 
Waals theory by making the excluded volume, b, a 
function of the solvation. He used only two param
eters per mole, b and a. Dolezalek, on the other 
hand, attributed all deviation from ideality to chemical 
action; each irregularity in the curve demanded a new 
chemical species with a new constant. 

(11) J. J. van Laar, Z.Physik. Chem., 72,723(1910); 83,599(1913). 
(12) F. Dolezalek, ibid., 64, 727 (1908). 
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It was realized that positive deviations from ideality 
were usually roughly proportional to m, and that nega
tive deviations were roughly proportional to m/(l + 
bm). There was much interest in salting-out, which was 
attributed to the removal of solvent by solvation of the 
salt. 

Reference 1 treats ethanol, glycine, and their mix
tures. Ge/RT of ethanol is slightly negative and that 
of glycine is much more negative. To Dolezalek this 
would mean that glycine is largely associated and 
ethanol slightly associated. Ge/RT of their 1:2 and 2:1 
mixtures, however, is positive, meaning solvation to 
Dolezalek. In ref 2, it is shown that ethanol is salted 
out by sodium chloride, but glycine is salted in. This 
would offer quite a problem to Dolezalek. The physi
cal picture is that ethanol decreases the dielectric con
stant of water but glycine increases it. From ref 4, 
we find that dioxane gives almost ideal solutions with 
water but is salted out about three times as much as 
ethanol. Reference 3 deals with the reciprocal salt 
pair: KNO3-LiCl. 

Electrolyte Solutions. The Non-Debye-Huckel Term 

There are two important differences between solu
tions containing only nonelectrolytes and those con
taining one or more electrolytes, both due to the charges 
on the ions. The first is that there cannot be a solution 
of a single solute because each equivalent of cation 
must be balanced by an equivalent of anion. The 
second is that the free energy per mole of solute, the 
osmotic coefficient, and the logarithms of the activity 
coefficients contain terms in the square root of the 
ionic strength which cannot be represented by integral 
power series in the concentrations. We will split Ge 

for an electrolyte solution into the Debye-Hiickel 
term, GDH, and the remainder Gn. We will consider 
GDH in the next section. 

If the neutral molecules are chosen as solute com
ponents, a series of arbitrary decisions is necessary. 
The first is for a mixture of two salts of different valence 
types with a common ion. It is seldom recognized be
cause any chemist would choose the ions-as-solutes 
answer: that in sodium and magnesium chloride, for 
example, the number of equivalents of NaCl is equal to 
that of sodium ion, and the number of equivalents of 
MgCl2 is equal to that of magnesium ion. 

The next decision arises when there are two cations 
and two anions. The "reasonable choice" suggested 
in ref 7 is not a useful one, because it does not extrap
olate correctly for mixtures with a common ion. If 
the Rubicon is crossed, however, and the ions are chosen 
as components, all further decisions fall into line. 

If the ions are taken as components with the restric
tion that S1H1Zi = O, it is necessary to distinguish be
tween neutral solutes, cations, and anions. We will 
denote solutes in general with the subscripts i, j , k, 1 as in 
eq 1 and 2, which are also applicable to electrolyte solu
tions. We will use the subscripts a, b, c, d for cations, 
e, f, g, h for anions, and p, q, r, s for neutral molecules. 

It is most convenient to express the quantity and 
concentration of an ion in equivalents: V = nj>i, 
In1' = mfii, where d\ is the absolute value of the val
ence, % = jzj|. At any stage we may reconvert to con
centrations, or convert to ionic strengths by use of the 
corresponding relation m^ = 2IiJd1. We write the 

equivalent fraction x/ = WJjV(SiWj'/2), so that in a 
solution of a single electrolyte, af, x a ' and x f ' are each 
unity. It is useful to separate the sums into those for 
cations only, for anions only, and for the different mix
tures. 

The non-Debye-Huckel free energy, G", in dilute 
solution is given by 

(G0IRTIV)1 = EjEkWi 'mk'bjk (3) 

In a solution of a single electrolyte, af, mj = mf' 

EjEkWj 'mk'bik = mJmt'Qhi + K3, + b,f) (4) 

In general, since 2m a ' = 2/%', Swa'Wf' = 2ma 'mb ' = 
2«3f'wg', (2&;i — bn — bo) = 0, and 

(G-IRTW), = EjEkWj 'mk'bjk = EaEfWa'w f '(2iaf + 

&aa + b(t) + EaEbWa'Wb'(22>ab - b^ - bhh) + 

EfEgWf'mg'(2bis - b,t - bM) = EjEkWj'wk '5jk = 

(EiWi^)2EjEk-BJkXjXt (5) 

with 

•Bjk = (2bik - by, - bkk) (6a) 

if ZjZk > 0 and 

Bik = (2bik + bu + bkk) (6b) 

if ZjZk < 0. 

(G0IRTW), = E iEkE.Wj 'wk '«,'rfjkl = 

(EiWi 72)3[EaEf(£aaf*a , !V + A f f W ' ) + 

E a E b t A a b W + AbbW*)] + 
EfEg(Af8VV +AggVV2) + 

E a E b E f 2 A b W V + E a E f E g 2 A f g W V (7) 
(G0IRTW),= E iEjEkE 1 W 1 'Wj >mk 'mx ' m (8) 

The Debye-Hiickel Free Energy 

The Debye-Hiickel equation assumes that all the 
ions have the same size. We will assume this as a first 
approximation, but we will follow our longtime cus
toms5'13 of using the ionic strength in moles per kilo
gram of solvent and of assuming that ka/^/l = a' is 
independent of temperature and pressure. 

Then the Debye-Hiickel free energy may be expressed 
as 

GDH/RT = WS1Z11I1XIa' (9) 

in which 5 is the Debye-Hiickel slope for In y± of a 
uniunivalent electrolyte, a function of T and p, I1 = 
nti'di'/2, x = Ka, and 

X = [x2 - 2x + 2 In (1 + x)]/x2 = 2[(x/3) -

(*2/4) + (x*/5) - (x«/6) + •••] (10) 

We assume that for a single electrolyte, the deviations 
from this equation may be represented by an integral 
power series in /, or in m', which becomes part of the 
series discussed in the preceding section. 

We have been moderately successful in describing the 
properties of solutions of simple ions with a' = 1.5. 
However, there is a large amount of evidence that more 
accurate expressions are given by assigning different 
values of a' to different electrolytes (equation in ref 7). 

(13) G. Scatchard and L. F. Epstein, Chem. Rev., 30, 211 (1942). 
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For a mixture we take 

G™/RT = ^ S £ a
+ E r ™ a 'Wf'(VEg"wg ' + 

&f/Eb+wb ')Zaf/aaf ' (11) 

This equation depends upon the assumptions that 
«af' = (2aaf + «aa + a^KJAI^2 and that aab ' = (2aab -
«aa — «bb)«/4/'/! = 0. This latter assumption is not 
necessarily contradictory to the "primitive model" 
treatment of Mayer14 and Friedman16 which includes 
much more than the electrostatic terms. It is discussed 
in detail in ref 7. We assume only that deviations from 
eq 11 may be included in the integral power series in the 
concentrations. 

If i/e is the excess enthalpy and Ve is the excess vol
ume, H'/RT = -(bGe/RT)b In t and pVe/RT = 
(dGe/RT)b In p. The assumptions used in our labora
tory since 194210 that each aai' is independent of the 
temperature and pressure lead to expressions for He/RT 
and pVe/RT of the same forms as those for G*jRT with 
5 and each b or b' replaced by its appropriate derivative. 
The differentiations may be carried further to give the 
heat capacity, the compressibility, or mixed quantities 
involving both temperature and pressure differentiation. 

At constant temperature b(Ge/RT)ldni = In yi} and 
d(G*/RT)/dns = d l n 7 s = - (2W« S )0 . 

Approximate Rules 

Most of the rules which follow have been given the 
names of men, though in no case has the man himself 
used this name. 

Lewis Ionic Strength Rule. The boldest, and I think 
the oldest, approximation of G*/RT or of one of its 
derivatives is that of Lewis16 that the activity coefficient 
of an ion depends only on the ionic strength. There is 
no record in his published papers that there was any 
theory behind this assumption. Lewis was so impressed 
by the successes of the rule that the activity coefficient 
of an ion depends only on the ionic strength that he 
felt that it must be universal. However, Bronsted17 

showed that it requires that the activity coefficient be 
the same for all ions of the same valence type. With 
the perspective of almost half a century we can see that 
Bronsted proved that the ionic strength rule holds for 
one ion when it holds for all ions. 

Br0nsted's Principle of the Specific Interaction of 
Ions. In the same papers Bronsted presented the thesis 
that the electrostatic repulsion between ions of the same 
sign keeps them so far apart that the short-range at
traction forces between them are zero. He assumed, 
however, that the forces due to solvation of the ions are 
unaffected. Since he limited his principle to 0.1 N 
solutions, it applies obviously to dilute solutions only. 
The confusion caused by an error in Bronsted's deriva
tion is discussed fully in ref 6. We will treat Bron
sted's principle as a special case of Harned's rule. 

Harned's rule18 states that, in a mixture of two elec
trolytes with a common ion at constant ionic strength, 

(14) J. E. Mayer, J. Chem. Phys., 18, 1426 (1950). 
(15) H. L. Friedman, ibid., 32, 1351 (1960); "Ionic Solution 

Theory," Interscience Publishers, New York, N. Y., 1962. 
(16) G. N. Lewis and M. Randall, J. Am. Chem. Soc, 43, 1112(1921); 

"Thermodynamics," McGraw-Hill Book Co., Inc., New York, N. Y1, 
1923. 

(17) J. N. Brpnsted, / . Am. Chem. Soc, 44, 877, 938 (1922); 45, 
289 (1923). 

(18) H. S. Harned and B. B. Owen, "Electrolytic Solutions," Mc
Graw-Hill Book Co., Inc., New York, N. Y., 1943. 

each In yx is a linear function of the ionic strength frac
tion. In the special case of Bronsted's principle, the 
slope is the same for the two coions, and In 7af(bn = 
In Ybf(af) if In Yatorf) is the logarithm of the activity of af 
in bf, etc. 

(Gn/RTW)2 
B^nJn1' + Bbtnh'ni' + B^nJ nb' 

W2 (12) 

b(Gn/RTW) (dGa/RTW) _ 
bnj l m' 

B.t(nJ + V ) + Bbtnh' + Babnb' (13) 

= \\B&i(l - y) + Bbly + B&hy] (14) 

= ^[21?a f + (Bb{ - Bai + B3b)y] (15) 

ify = nb'/nt', so 

d 
dy 

bGn/RTW bGa/RTW' 
dna S V 

W (Bb! - Ba + 5ab) (16) 

However, the Debye-Huckel activities are independent 
of the composition at constant ionic strength. 

A very large majority of the measurements of ion 
activities are for the determination of single ion activi
ties with a saturated potassium chloride bridge. Most 
physical chemists have always disliked such measure
ments for two reasons. They believe that the measure
ments are inexact and that the activity of a single ion 
cannot be determined. It is true that the inaccurate 
measurements are possible and many such are made 
every day. On the other hand, it is possible to make the 
error in the liquid junction smaller than that in the 
electrodes just as in a concentration cell with transfer
ence. To determine single ion activities, it is sufficient 
to have an operational definition for one cell, say the 
hydrogen-hydrogen ion electrode vs. the saturated 
potassium chloride bridge. I calculated this potential19 

with the Maclnnes assumption that the liquid junc
tion potential of the cell KCl (1 w)|KCl (satd) is zero.20 

Then the potential in millivolts for the cell HCl (1 m)\ KCl 
(satd) is +0.09 at 0.2 m, -0 .01 at 0.5 m, -0 .15 at 0.6 m, 
— 3.2 at 0.8 m, and —5.00 at 1 m. It must be remem
bered, however, that the assumptions underlying these 
calculations are very different from the previous ones. 

Reference 3 contains the only published measure
ments I know on osmotic coefficients of a reciprocal 
salt pair. An objection has been raised21 that the ex
perimental results are not given in ref 3. I believe that 
publication of the parameters for a set of equations with 
deviations from these equations is the best way to 
present such results. Figure 6 in ref 3 shows that of 93 
measurements with / - 0.01 or above on the single 
salts, 79 deviate less than 0.001 and 14 deviate between 
0.001 and 0.002. Of 145 measurements on mixtures in 
the same concentration range, which depend also on 
the two-ion series, 134 deviate less than 0.001, 9 be
tween 0.001 and 0.002, and 2 between 0.002 and 0.003. 

(19) G. Scatchard, J. Am. Chem. Soc, 47, 696 (1925). 
(20) D. A. Maclnnes, ibid., 41, 1086 (1919). 
(21) E. A. Guggenheim, "Applications of Statistical Mechanics," 

Clarendon Press, Oxford, 1966. 
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The equations used are not very convenient, however. 
They are of the form 

0 = 1 + 0.5M'^Z]Aj' + MZJKXJXK(BJK' + 

1.5 CJK 'M^) + M 2 £ J K L * J X K X L ( 2 Z > J K L ' + 

2.5EJKL'M^) (17) 

in which M = 21 for 1:1 electrolytes. Then in our 
terms 

aj = 0.5(2/)*/.^/ + (2T)Bn' + 

1.5(2T)V=Cj j ' + 2 ( 2 / ) D J J J ' + 2 . 5 ( 2 / ) ° ^ ' (18) 

/3JK = (2/)(25 J K ' - B n ' - BKK>) + 

1 . 5 ( 2 W C 1 K ' - Cj 1 ' - CKKO + 2(2iy(DJ}K' + 

£ J K K ' - ^ j J j ' - ^ W ) + 2.5(2/)5/*(£jjK' + 

-EJKK' — -Ej J J ' — -EKKK') (19) 

For the KNO3-KCl-LiNO3-LiCl system, (2BJK' -
Bn' - BKK') and (2C J K ' - Cjj ' - CKK ') are zero. 
Most readers will probably be satisfied, however, with 
the plots of (aj — aK)/I and /3JK/J in Figures 1-3 of 
ref 7. The freezing point constant is 0.001 too small. 
This leads to nearly constant errors of +0.001 in a and 
in /3 above 0.01 m. 

Young and his students22'23 have made many mea
surements of the heat of mixing at constant ionic strength 
of many 1:1 electrolytes, and Wood and his stu
dents24-26 have extended the measurements to 2:1 and 
1:2 electrolytes. These have the advantages over free-
energy measurements that the ideal term is zero and 
that they measure directly the term corresponding to 
- S J K W K , which we will call BJK

(H)yjyK. 
From the measurements of his students, Young has 

arrived empirically at two important relations. 
Young's rule states that the heat of mixing at con

stant ionic strength two 1:1 electrolytes with a common 
ion, af and bf, is independent of the common ion, f. 
It must hold for (Hn/RT)2 and it holds for (H°IRT)S if 
<4af + dbM = 0. 

The cross-square rule states that for a reciprocal salt 
pair of 1:1 salts, af, bf, ag, bg, the heat of mixing 0.5 
mole of af and ag, of bf and bg, of af and bf, and of ag 
and bg is the same as that of mixing 0.5 mole of af and 
bg and of ag and bf. In reply to Bottger at the Fara
day Society Discussion,22 Young said that the holding 
of Young's rule is a necessary but not a sufficient con
dition for the holding of the cross-square rule. No 
additional condition is necessary for the terms propor
tional to (Hn/RT)2 and to (Hn/RT)S. 

Wood and Anderson26 have calculated the terms in 
Ge/RT proportional to the first and second powers of 
the ionic strength. They say that triplet formation 
should lead to terms proportional to Il/\ but they do 
not use this erroneous statement. They also copy the 
erroneous conclusion of ref 7 concerning the ionic 
strength fractions, but this has no effect because they 

(22) T. F. Young, Y. C. Wu, and A. A. Krawetz, Discussions Fara
day Soc, 24, 37, 77, 80 (1957). 

(23) Y. C. Wu, M. B. Smith, and T. F. Young, J. Phys. Chem., 69, 
1868, 1873 ((1965). 

(24) R. H. Wood and R. W. Smith, ibid., 69, 2974 (1965). 
(25) R. H. Wood and H. L. Anderson, ibid., 70, 992 (1966). 
(26) R. H. Wood and H. L. Anderson, ibid., 70, 1877 (1966). 

apply it only to cases of the same valence type so that 
the ionic strength fraction is a constant times the ion-
component fraction. The statement that the inter
actions of three ions of like charge lead to asymmetry is 
also erroneous. 

Guggenheim's Recent Hypothesis.2127 Guggenheim 
starts with the hypothesis that up to 2 m the differences 
in B for most uniunivalent electrolytes are propor
tional to I and takes NaCl as standard. This hypo
thesis was examined in Figure 8 of ref 3 under the 
name "the Akerldf-Thomas Hypothesis" and found to 
hold better at higher concentrations that at lower ones. 
Then he states that up to 2 m the deviations from Br0n-
sted's principle, our B's, are small and proportional to 
I. He also rediscovered Young's rule. In Figures 1 
and 2 of ref 7, the terms for B/I are small, but the con
stant term and that proportional to Il/' are zero, and at 
J = I . (Bat — Bbg) is about as large as (5af + Bbg)/2, 
and (5 a g — Bh{) is about as large as (5 a g + Bbf)/2. 
For the isopiestic results at 25°, only those in Figure 4 
of ref 7 extend below 2 m. They are nearly linear from 
1 to 4 m, but the slope is far from zero. 

The worst difficulty with these papers for me is the 
statement that these conclusions are thermodynamic 
coming from one with such a high, and well-deserved, 
reputation for knowledge of thermodynamics as Gug
genheim. 

Our Later Work. Johnson28 and Rush have cor
rected the errors in ref 7 and have measured the os
motic coefficients of mixtures of NaClO4, LiClO4, and 
HClO4 up to very high concentraions. 

Yoest8 measured the osmotic coefficients of a recipro
cal salt pair, CuCl2-NaClO4, with one bivalent cation, 
one univalent cation, and two univalent anions, with a 
very large spread in the osmotic coefficients of the two 
component systems. 

Johnson, Scatchard, and Kraus9 studied the system 
BaCl2-HCl in the ultracentrifuge and applied eq 15 of 
ref 7 to the interpretation of the results. Rush and 
Scatchard10 corrected the equation of Young and 
Smith29 for a mixture of electrolytes of different va
lence types to complete the application of eq 15 of ref 
7 in ref 9. 

Acknowledgment. It is impossible to thank here all 
the people who have helped in the development of the 
ideas of this paper. The list should certainly include 
every coauthor listed here. Above all, however, I 
should acknowledge Peter J. W. Debye. The charging 
process in his development of the interionic attraction 
theory first taught me the advantage of excess free en
ergy over the activity coefficients of the components, 
and since I first met him in 1925 he has given me valu
able lessons in physico-chemical research and in his 
philosophy, "Ich bin Physiker weil es mir Spass macht." 

This work was supported by the U .S . Atomic Energy 
Commission, under Contract No. AT(30-l)-905 under 
Union Carbide Corporation's contract with the U. S. 
Atomic Energy Commission and by the Office of Saline 
Water, U. S. Department of the Interior. 

(27) E. A. Guggenheim, Trans. Faraday Soc, 62, 3446 (1966). 
(28) J. S. Johnson and R. M. Rush, / . Phys. Chem., 72, 767 (1968). 
(29) T. F. Young and M. B. Smith, ibid., 58, 716 (1954). 

Scatchard j Excess Free Energy of Solutions Containing Electrolytes 


